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In mathematical terms :

ov

5 — J(v,p,u) = min
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ov

¢ —f(v,p,u) =0
g(v)=0
formulated in time and space

Approximate the state via a finite dimensional linear system

M 0] d |v D(t) Ji[v Bi(t)| 0
[0 O]EM _[Jl 0)lp) 7| 0 ju=0 vO=y
with

o M e R™"™ jnvertible
o 1M7L € R™"™ invertible (— index 2)
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J(v,p,u) — min

and the cost functional via a quadratic form

J(v,p,u) =
T T
B L) o

o Vi, Vo, Wy, W, symmetric positive semidefinite (spsd)
o R spd

with
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Given the optimal control problem

T
v(T)TV1v(T)—|—/ viWiv + uT Ru dt — min

0
M 0| d |v D J[v Bl 0
[ ol -2 6] E]-[e oo o

Assume M and J2M*1J1T are invertible, 0 =0,
Wi, Vi spsd, M~ TVi=0and R spd.

Then any optimal u is given by the feedback law u = R71BT XMy,
where X € R™™ js the symmetric solution to

MTXM + D" XM + M"XD + MT XRg XM—
WL+ L YMEMTYT ) =0
HXM =0

MTX(T)M = —V;.
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o Kunkel, Mehrmann, several papers on optimal control for
DAEs (e.g. 1997, 2008)

o Kurina, Marz: Feedback Solutions of Optimal Control
Problems with DAE Constraints (2007)

o Backes: Optimale Steuerung der linearen DAE im Fall Index 2
(2006)

o Bansch, Benner: Stabilization of Incompressible Flow by
Riccati-based Feedback (2010)
based on theoretical work by J.P. Raymond
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vI(T)Viv(T) + fOT viWiv + uT Ru dt

The optimality system is given by the Euler-Lagrange equations

5 ol -1k 8] G-

MTOi)\1+DTJ2T-)\1_W10V_O
0 0 dt |\ ho 0] [ 0 0| |p|

MTA(T) = —Viv(T),

and
—B" A1+ Ru=0.
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N AR Ed A R
W) 8} i Bj + {Djl ﬂ Bj - {Vgl 8} m — 0 (adDAE)
—BTA\i+Ru=0

If (DAE) and (adDAE) are such that & and v do not appear in the
solution of (DAE) and (adDAE), respectively, then

there is (v*, p*, A7, A3, u™)
u* is optimal < < that satisfies the

Euler-Lagrange equations.

cf. Backes (2006)
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This means, that if we find a solution (v, p, A1, A2) of the reduced
optimality system

o dal]- 2 10 B o
g 2 [ 400 [ 9]
v(0)=v® and MTA\(T)=—Viv(T)

then u = R™1BT )1 is an optimal input.

We make the ansatz:
Al (X YTl [M 0] [v
M| Y 0 0 0| |p
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Ml [X YT M 0] [v
M TlYy ollo ol lp
Then

1 R R A

or, having employed (DAE) and (adDAE),

MTXM + DTXM + MTXD + MT XRg XM —
Wi+ YM+MTYT )y MTXJ | 0
K XM 0

MTX(T)M = —V;.
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Assume M = | to write in short:

X+DTX+XD+XReX — Wi +1JY+YTh=0 ()
hX =0 and XJ] =0

We use the projector P := I — JJ (J1J )~ U1, with
LWP=0 and PJ =0.
With this we obtain for X = [P+ [ = P]] X [[| = PT]+PT]
o hX=0and XJ] =0 = X=PXPT

o PXPT is uniquely defined by the standard differential Riccati
equation obtained from P — (x) « PT
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X+DTX+XD+XRgX — Wi+ Y +YTh=0 (5
hX =0 and XJ =0

o [I —P] — () + PT uniquely defines YPT
o [l =P]— () « [l = PT] leads to
[ =PIYTh+ Y[ -PT]=[l-PIW[l - PT],
which defines Y[/ —PT] up to an additive component ZJ,.

Thus the considered differential algebraic matrix Riccati equation
has a solution and the proposed decoupling gives the feedback-law
for the optimal input.
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What has been presented

o Linear time-varying DAEs as a basic model for optimal control
of PDAEs

o For semi-explicit DAEs of index 2 the Euler-Lagrange give
sufficient conditions

o Riccati-Ansatz leads to a feedback solution for the optimal
control

Upcoming
o Similar results for the oo-dimensional system
o Numerical solution strategies for the Riccati DAEs

o Application to nonlinear problems
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